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Abstract—The case of radiative transfer between parallel plates separated by an absorbing gas with a

“picket fence” absorption coefficient is treated by a method due to Siewert and Zweifel. The problem is

reduced to a set of integral equations from which numerical solutions are readily obtained. Exact results

are compared with the Planck and Rosseland approximations as well as a new approximation. The results

indicate that the Rosseland approximation is sufficiently accurate for narrow line widths but that its accuracy
diminishes for wider lines or bands.

NOMENCLATURE
A, discrete expansion coefficient, equation
9);
B, modified continuum expansion coeffi-
cient, equation (10b);
B,, Planck distribution;

¢, matrix defined by equation (6b);

D, modified discrete expansion coefficient,
equation (10b);

d, dimensionless gas thickness;

f,  surface emission coefficient ;

g, function defined by equation (16);

I, radiation intensity;

k, index for continuum eigenfunctions;

N, normalization constant defined by equa-
tion (11d);

P, principal value;

g, heat flux;

7T, tanh™?, temperature;

w, weight function matrix defined by equa-

tion (8a);
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w;, fraction of the Planck spectrum in the
frequency intervals for which ¢ = g;;

X, fundamental solution function defined
by equation (8¢c);

x, dimensionless spatial variable;

X,, non-grey Milne extrapolation distance,
equation (13c);

z,  spatial variable.

Greek symbols

o, continuum expansion coefficient, equa-
tion (9);

y,  weight function defined by equation (8b);

6, delta function;

i, direction cosine of radiative direction
vector with z axis;

v, frequency;

p, density;

2, cross-section matrix defined by equation
(6a);

o, absorption coefficient ;

G, Stefan-Boltzmann constant;

¢5

X  cigenfunctions defined by [4];

v,

£,  cross-section ratio defined by equation
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(6a).
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Subscripts and superscripts
G, grey;
p, Planck;
r, Rosseland;
T, transpose matrix;
wall;
frequency;
frequency range with higher absorption
coefficient ;
2, frequency range with lower absorption
coefficient.
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1. INTRODUCTION

A PREVIOUS article [1] illustrated the application
to radiative transfer in grey gases of a method
which has enjoyed great success in neutron
transport theory. In the present article a generali-
zation of this method is applied to non-grey
problems. The method again involves the con-
struction of a complete set of eigenfunctions of
the homogeneous transport equation in terms
of which any other solution may be expanded.
Sources and boundary conditions determine
the coefficients in the expansion.

It has been shown that the one-dimensional
equation of transfer for a non-grey gas in local
thermodynamic and radiative equilibrium [2-5]
can be solved by the method of singular eigen-
functions provided that the expression

_ B2) 1)
{ o,Byz)dv

0

is independent of position, where B(z) is the
Planck distribution function. This is the case for
several interesting models of the absorption
coefficient, o, [6].

(a) Elsasser model—in this case, o is assumed to
consist of identical equi-spaced lines.

(b) Mayer-Goody model—here o, consists of
randomly distributed lines. The lines may be
either identical or of random height and width.

The essential property of these models is that,
if the line density is high enough, it is possible to
divide the frequency range into intervals small
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enough that the Planck distribution function,
B (2), is essentially constant over each interval
but large enough that the average of g, over each
interval is constant. Then the desired property
mentioned above obtains.

The simplest non-trivial special case of these
models is one in which the absorption coefficient,
o,, takes on only two discrete values, o, and
o,, 1.e. the “picket fence’” model. Thus, we con-
sider a gas with an absorption coefficient con-
sisting of an infinite number of spectral lines
superimposed on a uniform grey background.
The absorption coefficient of such a gas is
depicted in Fig. 1. The (rectangular) spectral
lines are assumed to have absorption coefficient
¢, while the absorption coefficient of the grey
background is ¢, and, in keeping with the above
discussion, the fraction of frequencies covered by
the lines is assumed to be independent of fre-
quency. Methods of solving radiative transfer
problems for the picket fence model were
given by Siewert and Zweifel [4]; they have
extended their work to the case in which the
absorption coefficient takes on N discrete
values [5] and it is also possible to extend the
method to the continuous case [3, 7]. It should
be noted that the picket fence model was also
used by Greif [8].
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FiG. 1. Frequency dependence of the absorption coefficient
in the picket fence model.

In this paper we shall consider energy transfer
between parallel plates separated by a picket
fence gas and shall ignore conductive and con-
vective transfer. The major objective isto develop
an exact calculation of the heat transfer and
temperature distribution (in the picket fence



NON-GREY RADIATIVE HEAT TRANSFER

model) and to compare the results with approxi-
mate methods in current use, in particular the
Rosseland approximation [9]. The primary
motive for restriction to this model is that it
allows us to take advantage of results presented
by Siewert and Zweifel [4], thus reducing the
labor considerably.

Although the model used is a crude represen-
tation of the absorption coefficient, there is no
reason why the approximate methods should
be any better or worse for this model than for
more exact models. Our calculations should
therefore be a reasonable test of the approximate
methods.

2. STATEMENT OF THE PROBLEM
For the two-value picket fence model of the
absorption coefficient the denominator of ex-
pression (1) becomes

ffava(z) dv = oyw; + o,m, 2

where w; is the fraction of the Planck spectrum
in the frequency interval for which the absorp-
tion coefficient is o,(i = 1, 2). Under the assump-
tions of local thermodynamic and radiative
equilibrium, the equation of radiative transfer
can then be written

_# oL
plz) 0z

¢,B,(2)
20w, + a,w,)
0 1
X gavf v’ g Iz p)dy.  (3)
0

-1

+ o0z p) =

Then, integrating separately over each of the
intervals for which o takes its two possible
values, and defining

dx = p(z)o,dz 4)

where it is assumed (as mentioned earlier) that

o, < 0, we find, in matrix notation,
1

0
palzpt 2 p) =c § Ix, /)ydy  (5)

where the components of I(I,, I,) represent the
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total intensity in each of the two frequency
intervals and

zij = fiaij (6a)
_ &l wi

2w, + ) o)

& = 0;/0, (6¢)

Equation (5) is the starting point of the analysis
of Siewert and Zweifel [4].

For the problem at hand, we wish to solve
equation (5) subject to the boundary conditions

_ — — Siw)
K(—d/2, p) = f(p) < fz(#)) 1> 0(7a)
Id/2,u) =0 u<o (7b)

where f(1) represents the intensity emitted by
the left plate in frequency interval i and may
be prescribed arbitrarily. The problem in which
both plates emit may be solved by superposing
the appropriate solutions of the problem under
consideration [1].

Themethod tobe used isas follows. A complete
set of (singular) elementary eigenfunctions of
equation (5) can be constructed [4] using Case’s
method [10]. The solution to the problem
under consideration can then be expanded in
terms of these eigenfunctions and the unknown
expansion coefficients determined such that
the boundary conditions are satisfied.

These functions are complete in the sense that
any pair of functions

(AW
b = <fz(u))

defined on — 1 < u < 1 may be represented
as a linear combination of these eigenfunctions
(full range completeness). They also have the
property that a reduced set of eigenfunctions is
complete for functions defined on 0 < u < 1
(half range completeness) [4].

The coefficients in the expansions mentioned
above are most easily computed by use of
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orthogonality relations. For the half-range
case a scalar product is defined by

[E.G] = f ET(K', ) w(p) Glk, p) dp

where the T denotes transpose. The weight
function (matrix) is given by

_{&:v(u/éy) 0

w(w) —( 0 V(/l)) (8a)
where

_3pdy [Eywy tow,

) = X(—p <¢1W2 + Wl). (80
/L:‘.B =cos™
|
592 xeo/2

Fi1G. 2. Coordinate system.

3. SOLUTION OF THE PROBLEM
We wish to solve equation (5) subject to
boundary conditions (7). Since equation (5) is
homogeneous, we can represent the solution
as a linear superposition of the solutions pre-
sented in [4].

Ay (x, )+ Ay (x,p)
+ (g}al(k)e"‘/"(bl(k, ) dk
+ CLocz(k) e~ Bk, ) dk
+ foyk)e T Pk, pydk  (9)

where A4, A_,%)zl(k) and a,(k) are unknown
expansion coefficients and the subscripts on
the integrals denote integration over regions
1 and 2 defined by Siewert and Zweifel [4].

I(x, 1)
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We give only a brief description of the method
of solution. Each integral in equation (9) is split
into two integrals, one with k < 0 and one with
k > 0. The expansion (9) is then substituted
into the boundary conditions (7) and the result-
ing equations are added and subtracted from
each other. There results the pair of singular
integral equations:

1/

flw) = D; + j Bys (k) ®,(k, w) dk

1/&y
{E By, (k)e " & (—k, pu)dk

H

1/¢4
[ Baa (0 @k, 1) dk
]

1/&1
| Boxlkje™* @(—k, ) dk

H+

1
+ [ Byulk) DDk, ) dk
1/&1
1
+ f 5+ (k) e "% @D(—k, pydk
1/&1
O<pu<1l (10a)
where we have defined
D, =24,y .(d/2, p)
D_ = ~-24_y_(d/*w (10b)
(ky = [o;(k) + o,(—k)] e,

Equations (10) can be converted to Fredholm
equations by making use of the orthogonality
relations presented by Siewert and Zweifel [4],
and certain ‘“‘crossing relations’ involving the
functions with k replaced by —k; note that these
are not found in [4]:

—k.w] = [1" 0=k, w)]

_(eyy t e3)
k+ k'

1 1
[, 09X

kk'X(—k)  (l1a)
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(2", 5=k, w] = [2{", P(—k, )]

= c—lkl-:’j‘—kk,k')((—k){l + 2ke,[ T(E 1K)
- Tk}  (11b)
[, ¥ (6 =] = — Eycy k{1 — 2K[T(E,)
- Tk} (o

(15", Y- (x, =] = — k(w, + &Elwy)

['I’+’ ‘P(l)( k! :u)] = ['/’+’ ‘pEZZ)(_k’ #)J
— kX(—k)

(11d)

(11e)

[o%, @P(—k, w)] = [oP, @ —k, )]

k'
— (o o~k ] = 2 x (1
[(pla ¢(2)( k’ /")] = [‘pla '/’— (x’ —/.l)] = 0 (] ]g)

[(p(Zl)’ 'ﬁ— (X, _/J)]
= [¢¥, ¥ (x, —)] = —kw,.  (11h)

In the derivation of these equations, use has been
made of the Poincare-Bertrand formula [11]
which governs the interchange of order of
integration in principal value integrals. A
further discussion of such integrals is given in
[12].

Note that the orthogonality relations state
that all of the following are zero.

(25", o4, (25", @) 28", ¥ 4], (1, 0¥
Y 0L (2, ¥ [0F, 041 [0, 01),
[¢+9 W—]

Taking the scalar product of equations (14)
with the eigenfunction y . [4] we obtain two
equations for the discrete coefficients A, :

(12)
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1
A= 5m [[./,+,f]

B, (kY e k' X(—k') dk} (13a)

[l S o)

9
A-= N+ 2 [("'“ﬂ]

+ SBZ_(k’)e“‘/"' k'X(—k') dk’:| (13b)
0

where x is the Milne extrapolation length

% = NP [ v-0, —p] (139

Taking the scalar product with z%, 2V and
©? we obtain three equations for the continuum
coefficients.

o £l p. + 2K

B,.(k
2.0 2£(k)
1 y
il (PR N PPY SBzi(k,)e—d/k’kTXj‘_‘_gdk’
0
k<1/6,  (142)
[V, f]= Dy + == Ul —= B, (k)
g1(k)
+ [1 = 2ke,, T(k) + 2key, T(E,K)]
1
X €112,k jBZi(k) " klff-f- klf)dk,
0
0<k<1/E, (14b)
[(p(Z) f] Dm+ Y(k) Bz:t(k)
ga(k)
1
+ ¢,k szi(k’) o-an KX(=K) ;Yi"k'f ) dk
0
g <k<1 (140
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where
D, =Dy =D!=0 (15a)
D =2A4_k(w, + &w) (15b)
DI =24_c Ek[1 — 2ke,,T(k)
+ 2ke,,T(E k)] (15¢)
D"—=2A_kw, (15d)

[9:k)] 7t = [1 — 2key T(E,k) — 2ke,,T(k)]?

+ Pk cyy + €0)? (16a)
[g2(k)]~" = {1 = 2ke,, T[1/¢;k)]
— 2ke,, T(k)}? + n2k2c3,. (16b)

These equations are identical in structure to,
but somewhat more complicated than, those
encountered in the grey case [1].

For simplicity, we consider only the case of
black plates. Then f{x) becomes

Wi\ & .4 [
ﬂm—f—(é)nTw—w+nTw (17
where & is the Stefan-Boltzmann constant.
In this case, the left-hand sides of equations (14)
all become zero and [y, .f]= N,.

The temperature distribution and heat transfer
through the gas are given by:

1
%#m=N+Lghmmw

-1
1

+ Slz(X,u)d#] (18a)

-1
p 4 (x, ) - x, p) dpe

1
4 (wy
= ——(—+ w,|4-. 18b
3 <§1 2) (18b)

1
q=2n§

G. M. SIMMONS and J. H. FERZIGER

For d = 0, equation (13) leads to
3¢,6T%

A= —— 7 19a
T, + iy )

so that for this case
q=daT¢ (19b)

as expected.

As in the grey case, the Fredholm equations
may be solved by iteration. The solution con-
verges rapidly for large plate separation but
not as rapidly as in the grey case [1]. It is of
interest to note that in the first approximation,
in which all of the B, (k) [or a{k)] are set equal
to zero, one obtains a result identical with the
first approximation of the grey case (essentially,
a modified diffusion approximation) with the
opacity of the grey case replaced by the Rosse-
land mean and the Milne extrapolation distance

replaced by its non-grey value,
4 Wy

Py e el Rovas + Wial.
3(d + 2x4)\ &y

This accounts, to some degree, for the accuracy
of the Rosseland approximation which is
demonstrated in the next section.

(1) _

q’ = (20)

5. NUMERICAL RESULTS
In this section various approximations to the
heat transfer and temperature distribution will
be compared to exact results for a picket
fence gas confined between black plates. The
exact results were obtained from the integral
equations (14) by an iteration scheme similar to
that used in [1]. The function X(—k) is evalu-
ated by the method suggested by Shure and
Natelson [ 13] that was used in the grey problem
[t}
In the notation introduced earlier, the Planck
(o,) and Rosseland (o,) means are:
o
G=t=Cwitw,  (20a)
)
G, Wy

= 21b
G, él ( )

1
: T



NON-GREY RADIATIVE HEAT TRANSFER

since the w; are independent of x. The heat-
transfer and temperature distributions in the
Planck or Rosseland approximation (desig-
nated by 4g(&,d), To(y, &,d), 46(&,d), and Te(y, £,d),
respectively) were taken to be those for a grey
slab of thickness £,d or ¢,dt. The first approxi-
mation of the iteration scheme mentioned
earlier is equivalent to the Rosseland approxi-
mation {(as defined here).

Another approximate method wasalso investi-
gated. In this approximation, it is assumed that
the radiation in the two *“‘groups” is not coupled ;
that is, radiation absorbed in one of the two
frequency intervals is not emitted in the other
interval. The problem is then reduced to two
independent ‘“‘grey” problems each with its
own absorption coefficient. While the assump-
tion of decoupling is certainly not valid, this
approximation is correct when w; =0 or 1
(or when &, = 1) and might, therefore, be
expected to be reasonably good for all values
of wy. In this approximation

4d) = wiqg(&1d) + wogeld)
where g¢(d) is the heat transfer for a grey gas and
T40) = wi Ty, &1d) + w, Ty, d) (22b)

where T&(y,d) is T* in a grey slab of non-
dimensional thickness d at position y, (y = 2x/d).

Typical results for the heat transfer are given
in Figs. 3, 4 and 6 and other results showing the
errors in the various approximations are given
in Figs. 5 and 7. It is noted that the Rosseland
approximation always overestimates the heat
transfer while the Planck approximation always
underestimates it. This was found in all cases
studied (including a number not shown) and an
examination of equation {13b) shows that it is
probably always true although a rigorous proof
was not found.

(22a)

tAlthough this differs from the usual practice of restricting
the use of the Rosseland mean to the diffusion approximation,
the difference is small compared to the effects of interest here.
This also allows us to separate, at least qualitatively, the
effects of using a mean absorption coefficient from the effects
on the diffusion approximation.
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1-0

g {exact)

- — — gg (€, d)-Rosselond
- g5 €, d)-Planck
o8 - .- — F-equation {22}

o 1 2 4 5 6
F1G.3. Heat transfer vs. dimensionless thickness forw, = 0-25,
& =5

10
q (exact)

— — — q;(&,d)-Rosseland

08 — - — ggl€&, o) ~Planck

/g {d=0}

ezt o .

|
0 i 2 3

F1G. 4. Heat transfer vs. dimensionless thickness for w, = 0-25,
&, = 10.

The Planck approximation was shown to be
very poor except for very small slab thicknesses.
In fact, its use is likely to lead to significant errors
whenever the gas is thicker than one mean free
path with respect to the smallest mean free path.
However, its simplicity makes it a valuable
method for optically thin media.

On the other hand, the Rosseland approxi-
mation of equations (22) are fairly accurate and
of roughly comparable accuracy for thick
media ; they also tend to bracket the exact result.
Before discussing the results, we remark that the
apparent improvement of the Rosseland
approximation with increasing £, is to some
degree, illusory. If the abscissae in Figs. 5 and 7
were thickness in Rosseland mean free paths
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7 - equation (22)

— -— ¢ (§,d)-Planck
— — — - g, (& d)-Rosseland

lxno2

7~ Gex
Fex

F1G. 5. Relativeerror in heat transfer forw, = 025,£, = 5,10.

the curves with large values of &, would be
stretched more than those with small values of
£, and, the errors therefore, with larger £, would
appear to be greater.

Comparing Figs. 5 and 7, one sees that the
Rosseland approximation is more accurate for
smaller values of w,, ie. for narrow lines. This
effect can be anticipated by studying the approxi-
mations made in obtaining the Rosseland

[e]

Gex/q (0=0)

02

0 1 2

Fi1G. 6. Exact heat transfer vs. dimensionless thickness for
w, = 0-75.
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g- equotion (22)

o/

—-— q5 (£, d)-Plonck
— ——- g5 (§ d)-Rosselond

o

o

>
d s

[
o
) ] 2 3 4 5
d
FiG. 7. Relative error in heat transfer for w, = 0-75, &, = 5,
10, 50.

formulae but the difference is quite striking.
Qualitatively, the behaviour can be explained
as follows. In the Rosseland approximation
the temperature distribution is governed mainly
by the band which covers the greater part of the
spectrum ; for large w, the lines dominate. Now,
from the calculations for a grey gas [1], we see
that, for a given gas thickness, the larger the
absorption coefficient, the steeper the tempera-
ture gradient (essentially the extrapolation dis-
tance in dimensional terms becomes smaller).
As a result the Rosseland approximation tends
to predict too high a temperature gradient.
Since the bulk of the heat flux is carried in the
windows, it also tends to predict too much heat
transfer and the effect is accentuated at larger
line widths [14]. It should also be noted that the
additional effect of using the diffusion approxi-
mation is to increase the calculated heat transfer
so that the actual error in the Rosseland approxi-
mation, as usually defined, is the sum of the
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TT: rG(/v e/d)

75 . §,d)

FiG. 8. Relative error in T* for various approximations,
w, =05¢& =2,510,d = 1.

errorsshown in Figs. 5 or 7 and these correspond-
ing to the second approximation in Fig. 3 of [1].
Thus the Rosseland approximation should be
sufficiently accurate for gases with narrow lines
(suchasarefrequently encountered inastrophysi-
cal applications) but is not as good for broad
lines or bands(such as vibration—-rotation bands).

Finally, in Figs. 8 and 9, the temperature
distribution is considered for some typical
cases. Since the temperature distributions are
antisymmetric about the center line, values are
given for x/d < 0-5 only [15]. The error in the
temperature in the Rosseland approximation,
especially near the surface is greater than the
error in the heat-transfer rate; the same is true
for the approximation (22). The results reaffirm
Stewart’s conclusions [2] that non-greyness
has a drastic effect on the temperature distri-
bution near a surface. Thus no one mean absorp-
tion coefficient can transform a non-grey problem
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05

04

03

T,/ TS

o2

o3}

o 0 02 03 0-4 05
x/d

FiG. 9. Exact non-grey gas temperature vs. position for
d=1w, =05¢ =25,10

into a grey one, particularly if the temperature
distribution is of interest.

It is also easy to see that in the case in which
the windows are completely transparent (£, — o)
the Rosseland approximation is poor. In this
case the intensities in the lines and windows are
completely uncoupled and the approximation
(22) is correct. It is then simple to compare the
correct results with the Rosseland approxima-
tion and the error is quite large. Note, however,
that Figs. 5 and 7 are unable to show this effect
due to the fact that the abscissa (the plate
separation) is non-dimensionalized with the
window mean free path. Thus an increase in

&,(=0,/0,) in the figures corresponds to an

increase in ¢, rather than a decrease in o,.
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Résumé—Le cas du transport par rayonnement entre plaques paralléles séparées par un gaz absorbant

avec un coefficient d’absorption en “barriére de piquets” est traité par une méthode due a Siewert et Zweifel.

Le probléme est réduit & un ensemble d’équations intégrales a partir desquelles on obtient facilement des

solutions numériques. Les résultats exacts sont comparés avec les approximations de Planck et de Rosseland

en méme temps qu’avec une nouvelle approximation. Les résultats indiquent que I'approximation de

Rosseland est suffisamment précise pour des lignes de faible largeur, mais que sa précision diminue pour
des lignes plus larges ou des bandes.

Zusammenfassung— Der Wiarmeiibergang durch Strahlung zwischen zwei parallelen Platten wird nach

der Methode von Siewert und Zweifel behandelt. Fiir den Absorptionskoeffizienten des Gases zwischen

den Platten wird ein “Zaunlattenmodell” angenommen. Das Problem wird auf einen Satz von Integral-

gleichungen zuriickgefiihrt, von denen leicht numerische Losungen gewonnen werden konnen. Genaue

Ergebnisse werden mit den Niherungen nach Planck und Rosseland und mit einer neuen Niherung

verglichen. Die Ergebnisse zeigen, dass die Rosseland-Néaherung fiir kieine Bandweiten geniigend genau
ist, dass die Genauigkeit aber mit zunehmender Bandweite abnimmt.

Andoragua—Meronom Cunyepra u LBaitdens paccmaTpuBaeTca JIyunCThIll Temiioo0Men Mexay

MAPANIEJIbHBIMU  IITIACTHHAMMN,

pasfieIeHHEMY  TIOTJIOIAIOMNM ra3oM C OIIpefAeJIeHHHM

k03P PUUHEHTOM NOTJIOIEHUA. 3aJa4Ya CBOJAUTCA K YMCJIEHHOMY PEUICHWIO CHCTEMM HHTe-
rpajbHEX ypaBHeHull. TouHbe pesybTaTH CPaBHUBAKTCH ¢ MOJYYEHHRIMH NPUGIMKEHHRMU
pewennaMu u pemenusamu IInanka u Poccesanpa. PesynbTaTel 00HAPYMUBAIOT, YTO NPH-
Gauenne Poccemana JOCTATOYHO KOPPEKTHO IJIA y3KOM JIMHUU CIEKTPA, OHAKO, TOYHOCTh
aTOro NMpubieskeHNA yMeHbIIAeTCA ANA Oojiee MMPOKUX JMHMA WIK MOJOC CYIEKTPA.



